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Abstract. The subject of the study is the development of an analytical
method for solving boundary value problems of a variant of the mathematical
theory of transversally isotropic plates of arbitrary constant thickness,
which boil down to the integration of systems of inhomogeneous high-
order differential equations of equilibrium. According to the developed
version of the theory, all components of the stress-strain state and boundary
conditions are considered functions of three coordinates. The indicated
functions of the three variables are expanded into infinite mathematical
series by Legendre polynomials from the transverse coordinate. The
boundary conditions on the front faces of the plates are fulfilled exactly.
The boundary conditions on the lateral surfaces are fulfilled according to
the appropriate approximation, which is determined by a certain number
of terms in partial sums of mathematical series. This makes it possible to
effectively determine all components of the stress-strain state with any
high accuracy. It is also important to note that the developed version of the
mathematical theory takes into account vortex and potential edge effects
with high accuracy. The problem here lies in the high-order systems of
differential equilibrium equations with partial derivatives. This complicates
their solution. Moreover, the order of systems increases with an increase in
the number of members in the partial mathematical sums of the development
of components of the stress-strain state into infinite mathematical series.
Therefore, the solution of this problem is connected with the application
of a new methodology for finding partial and general solutions. The
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methodology consists in the fact that the initial systems of high-order
differential equations of equilibrium are reduced by various mathematical
transformations to convenient homogeneous and heterogeneous systems of
high-order differential equations. These equations, in turn, are reduced to
homogeneous and inhomogeneous differential equations of the second order
by the developed operator method. The general and partial solutions of the
initial equilibrium systems are expressed through the general and partial
solutions of the second-order differential equations. The skew-symmetric
transverse load of the plates relative to the median plane is considered. The
goal is to obtain analytical solutions of boundary value problems for plates
of arbitrary constant thickness. General solutions in special functions for
components of the stress-strain state (SSS) from the annular transverse load
of circular and annular plates under axisymmetric deformation are obtained.
Analytical solutions of the boundary value problems for the specified plates
under the action of axisymmetric loads for various static and kinematic
boundary conditions on the lateral surfaces were obtained. An analysis of
the obtained results was carried out.

The proposed methodology, the method of solving systems of high-
order differential equations of equilibrium, the method of obtaining general
and partial solutions can also be applied in classical and refined theories,
including theories of the Tymoshenko-Reissner type.

1. Introduction

Plates and shells are used in various objects of energy, mechanical
engineering, construction and other branches of modern industry.
Ensuring the reliable operation of such structures requires the use of
high-precision theories for their calculation and adequate mathematical
methods for solving the corresponding limit problems, which would
take into account all components of the SSS state as a function of three
variables, and edge effects.

Calculations based on classical theories of non-thin plates and shells,
in cases with non-smooth, local and concentrated loads, in the presence
of significant anisotropy and in other cases, give results that may differ
significantly from the exact ones according to the three-dimensional theory
of elasticity [1, p. 3; 2, p. 51; 3, p. 69; 4, p. 64; 5, p. 99; 6, p. 382; 7, p. 147;
8, p. 84;9,p. 569; 10, p. 84; 11, p. 63; 12, p. 67; 13, p.127; 14, p. 54].
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Refined theories, which are based on various hypotheses, as well as
theories of the Tymoshenko-Reissner type [15, p. 242; 16; 17, p. 486;
18, p. 239; 19; 20, p. 675; 21, p. 288; 22, p. 423; 23, p. 238; 24, p. 663;
25, p. 993; 26, p. 195; 27; 28, p. 184; 29, p. 504; 30, p. 744; 31], are
mainly used today in the works of domestic and especially foreign authors.
In each case, these theories require a justified use and establishing the
frameworks of their suitability for solving boundary problems. Finding the
SSS of plates and shells according to these theories cannot be performed
with arbitrarily high accuracy, since their accuracy is determined by the
accepted hypotheses.

Existing variants of mathematical theory (MT) [31; 32, p. 238; 33;
34, p. 83; 35; 36, p. 77; 37; 38, p. 3; 39, p. 335; 40, p. 21; 41, p. 191;
42, p. 154; 43, p. 60; 44, p. 21; 45, p. 496; 46, p. 51; 47, p. 741; 48, p. 78;
49,p.221;50,p.27; 51, p. 49], which are based on the development of the
SSS components in endless mathematical series, require the possibility
of analytical solution of the obtained systems of differential equilibrium
equations and obtaining numerical results. The accuracy of variants
of MT depends on the methodology of obtaining basic equations and
the accuracy of satisfaction of marginal conditions. Solving marginal
problems for plates and shells in a three-dimensional setting [52; 53;
54, p. 3; 55, p. 49; 56, p. 22] is associated with sufficient mathematical
difficulties.

The relevance of the problem is to build a variant of MT of plates of
arbitrary constant thickness, which would describe with high accuracy
of their SSS with arbitrary static loads, and the development of effective
analytical methods of integration of the obtained systems of differential
equations of high orders in boundary problems. The novelty of the work
is to solve this scientific problem. In the works of the author, the problem
of constructing a new variant of the MT of transversally isotropic plates of
arbitrary constant thickness is solved.

This work uses the operator method, according to which the
inhomogeneous differential equations of high order with partial derivatives
are reduced to the inhomogeneous differential equations of the second
order. A new methodology of integration of systems of inhomogeneous
differential equations of equilibrium of transverse-isotropic plates of high
orders has been developed.
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The purpose of the work is: obtaining general solutions of systems of
inhomogeneous differential equations of equilibrium of high orders of the
MT variant in axisymmetric boundary value problems for circular plates
of arbitrary constant thickness with jump-like loads; obtaining analytical
solutions of boundary value problems for ring and circular plates under
different boundary conditions on the side surface.

2. Statement of the problem

The developed variant of the mathematical theory [9, p. 569; 10, p. 84;
11, p. 63;12,p. 67; 13, p. 127; 14, p. 54; 44, p. 21; 45, p. 968] makes it possible
to efficiently and with high accuracy determine the SSS of transversally
isotropic plates of arbitrary constant thickness and take into account edge effects.
According to this variant, boundary value problems for plates can be solved with
any predefined accuracy. Moreover, unlike the exact solution based on the three-
dimensional equations of the theory of elasticity, the constructed variant of the
mathematical theory provides a real possibility of analytically solving boundary
value problems for any boundary conditions on the lateral surface.

In addition, obtaining an analytical solution based on the specified
variant of MT is easier than from the standpoint of the three-dimensional
theory of elasticity. But the mathematical complexity is still great.
Moreover, it increases with an increase in the number of terms in partial
sums of mathematical series for SSS components. The effectiveness and
high accuracy of the developed version of the mathematical theory is
shown, in particular, in the author's works.

Thus, for the built high-precision variant of the MT, a problem arises —
a mathematical problem, which consists in the need to develop effective
analytical methods for solving systems of high-order differential equations
of equilibrium, to which boundary value problems.

2.1. The essence of the variant of the mathematical theory.
Methodology for building the MT variant. The essence of the variant
of MT plates of arbitrary constant thickness and the methodology of its
construction is described in [49, p. 221], and therefore we will not dwell on
it in detail. However, we will give some important relations and equations
later in paragraphs 2.2, 2.3, some of which are missing in [49, p. 223].

2.2. Reissner's variational equation and boundary -conditions
on front faces. The three-dimensional problem of the theory of elasticity for
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plates can be reduced to a two-dimensional one using the method of expanding
the SSS into infinite mathematical series along the transverse coordinate
using various variational principles. As obtained in [2, p. 51], Reissner's
variational principle [57, p. 90] has certain advantages in determining the SSS
of plates. This is the basis for the choice of Reissner's variational principle
for the construction of a new variant of MT plates. According to Reissner's
variational principle, the corresponding Reissner equation for elastic bodies
(disregarding volume forces) has the following form:

Hj (c,6¢ +0,8¢,+0.0¢.+0,,8y,, +0,.07,.+0,. 8y, .+
+(e,—¢,(0,;))00,+(¢,—¢,(0,;))d0, +(&. —¢.(0,;))d0. +
+(¥,, =7, (0,80, +(7,. =7,.(0;;))d0,. + 2.1
+(v,.-7,.(0,;))080,. )dxd ydz-

_H(XVSU+YV6V+ZV5W dA=0,
A

where A is the area of the face planes and the side surface of the plate;
X,,Y,,Z, — intensity of component surface forces in projections on the
coordinate axis; expressions with the sign 8 mean the corresponding
variations; ©,,....,6,, €.,...,Y,, —stress and strain components that depend on
displacement components (3.9); integration in the triple integral is performed
over the entire volume, and in the double integral over the entire 4 surface.
The rectangular Cartesian coordinate system Ox y z is introduced as follows:
Ox,0y axes are directed in the middle plane (in the plane of isotropy); the
Oz axis is directed perpendicular to the median plane upwards.

On the upper and lower front faces of the plate, a static transverse load
q,(x,») and g,(x,»), respectively, directed downwards acts. The boundary
conditions on the front faces have the following form
6. (2 =£5) =2 (Fq(x,)- p(x.))0,. (2 =£5) =0, (:=43)=0, 2.)

where p(x,y)/2 and g(x,y)/2 are symmetric and obliquely symmetric
relative to the median plane transverse loads acting on the front faces of the plate:

p(x,¥)=q,(x, )= q,(x,¥), q(x,¥)=¢q,(x,¥) +q,(x, ).

2.3. Components of SSS. Let us present the SSS components,
considering them as functions of three variables, which are developed into
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infinite mathematical series by Legendre polynomials from the transverse
coordinate z .

2.3.1. Components of displacements. We develop the components of
displacements U(x,y,z),V(x,y,z) (tangential movements) and W (x,y,z)
(transverse movements) into infinite mathematical series by Legendre
polynomials from the transverse coordinate. We take the partial sums of
these series — approximation KO-N (N is an odd natural number). In the
KO-N approximation, components (multipliers for Legendre polynomials)
with indices 0,1, N: #,,Vy,4;,V,, W,,...,Uy,Vy, W, are taken into account in
the mathematical series for tangential movements in partial sums. Partial
sums have the form:

U(x,y,z) :ﬁ:}’k(Zz/h)uk(x,y),(U,u >V,v); (2.3)

k=0

N
W(x,9,2) = 2 By 22/ W)w (x,9),
k=1
where P, (2z/h) are the Legendre polynomials of the transverse
coordinate z .
2.3.2. Image of stresses in the plate. Stress components are also obtained
in the form of infinite mathematical series by Legendre polynomials. They
have the following form, taking into account (2.1)—(2.3):

N+l N+1

c,.(x,y,2)= z P (2z/h)t,, (x,y) 0, (x,y,2) = Z B (2z/h)t,, (x,y); (2.4)
n=0 Naa n=0
6. (x,y,2)= D, B,(2z/ h)s., (x,7);
n=0

N+2

o, (x,3,2)= ) B,(2z/h)s,,(x, ), (x,);

n=0

N
o, (x,3,2)= 3 P,Qz/ )1, (x.7),
n=0
where

N
to (1, 9) = 2 (o, W+ g, 0,), (=02, N +1) 5 (2.5)

i=1,3

N-1
f, ()= 2 (B W+, u), (n=13,.,N);

i=2,4
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N-1 N-1
S”(x,y) = z P,w, + Z gni¢i +8,,D> (n=0,2,..,N +1);

i=2,4 i=0,2

N N
szn(x’y): Z p,,,"V,“'Z gni d)[ +gnq q’ (n:193""’N+2);

i=3,5 i=1,3

S (5y)=d,(u,, +vv, )+d,s.,, (n=01..,N);

s, (x,y)=d,s,,,(n=N+1,N+2), (x,y;u,,v,);

(V2 _m1)(Vz _mz)Fln =0; (I)i SU TV,

h, 1, p, g with indices are mechanical and geometrical parameters
(MGP); d, ,d,,,G —mechanical constants of the plate material.

It is important to note that the transverse stresses exactly satisfy the
boundary conditions (2.2). This significantly increases the accuracy of this
variant of MT and distinguishes it from many other variants.

The equilibrium equation and the boundary conditions on the circuit
follow from Reissner's variational equation (2.1).

The system of differential equations for skew-symmetric and symmetric
deformations in the KO-N approximation are given in [49, p. 229], and the
boundary conditions are in [49, p. 230].

For the constructed variant of the MT of plates, with the increase in the number
of terms in the partial sums of the development of the SSS components into
mathematical series, the order of systems of differential equations of equilibrium
and the mathematical complexity of their solution also increases. Therefore, there
is a problem in solving such systems. This work is devoted to the solution of this
problem, which is ideologically a continuation of [49, p. 223] work.

3. Solving the integration problem systems
of high-order equilibrium equations

3.1. Methodology of integration of initial systems of equilibrium
equations. Let us consider skew-symmetric deformation here and in the
future. The methodology is given in [49, p. 221].

In Sections 3.2, 3.3, we present some systems of equations with
[49, p. 221] for a better understanding of the further solution of boundary
value problems.
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Consider the system of differential equations (2.7) [49, p. 229] in the
K13...N approximation, which describes skew-symmetric deformation.
We will refer in paragraphs 3.2 — 3.4 to the relevant equations of the work
[49, pp. 235, 236, 237].

3.2. Transformed systems of differential equations. These are
systems of differential equations (4.1a), (4.1.b) [49, p. 235] for the vortex
edge effect, and (4.2), (4.3) [49, p. 236] for the internal SSS with a
potential edge effect.

3.3. Deterministic systems of differential equations. This is the
differential equation (4.5) for the vortex edge effect [49, p. 236] and the
system of equations (4.9) [49, p. 237] for the internal SSS with the potential
edge effect.

3.4. General solutions of transformed and deterministic systems
of differential equations. These are solutions (4.4) and (4.6) [49, p. 236]
for the vortex edge effect and (4.8), (4.10a), (4.10b) [49, p. 237] for the
internal SSS with a potential edge effect.

In the future, we will consider circular (circular and annular) transversally
isotropic plates of arbitrary constant thickness in the K13 approximation
(skew-symmetric deformation).

4. Axisymmetric bending of circular transtropical plates under
skew-symmetric deformation

4.1. Main dependencies. Axisymmetric deformation in the K13
approximation of a circular transtropical plate (circular with radius a or
ring with radii b, a; b {( a ) of thickness % is considered. A cylindrical
coordinate system (7,0,z) is introduced. Tangential coordinates in the
middle plane, axis z is perpendicular to the middle plane, directed upwards.
Boundary conditions on the front planes:

6, (z=%h/2)=%q(r)/2; o, (z=%h/2)=0; 6, (z=%h/2)=0,(4.1)
where ¢ (r)/2 is a transverse axisymmetric load.
Dependencies for axisymmetric deformation:
g, =(c, —voy)/E-V'c_/E', (r,0); &, =(c, =V (0, +0,))/ E';

Y,.=0,./G"
g, =0U/0r; ¢,=U/r; e, =0W/0z; y,,=0W/or+0U/0z,
Yo =Y.0=0,
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where U, W, ¢,,¢€,¢€,,Y,., ©,.,0,,0,,0,, are functions from r, z.
The constants included in these dependencies are generally accepted.
SSS components based on (2.4) and (2.5) are represented in the form of

the following partial sums of series:
3 3
U (r,z)= Y. PQz/hu,(r); V=0 W(r,z)= Y P_(2z/hw(r); (4.2)

k=13, k=L3,...

6.(n2)= Y PQz/ s, (). (n0); o.(n2)= 3 P22/ hys. ()

o,.(rz)= Y, BQz/hit,(r), c,,=0,=0,

k=0,2,...
where, taking into account the components u,,u;, w;,w, (k=1; 3), we have:

s,=-3q/5-3w,/70; s,=q/10+w,/15; s =-w,/42; (4.3)

s, (P)y=du +dyu, [r+dgs.; s,(r)=du;+dyvu, [ r+ds.s;
Sys (r)= leSZS;
S (MY =dyvu +dyu, [ r+d,s.; e, (1) =dyvus +dgu, [ r+d,ys.,;
Sos (1) = dyy5.55
to= er /h l,= _er /h+3Q3r /(7,”); t,= _3Q3r /(71”);

O..(N=hw+hw+1Lu+1u,, (k=13);

®,(r) = g, w; +e,,0, +e,,0, +e,q; O (r)=u, +u, /r.
In relations (4.3):
I, =28G'/15; 1, =6G'/5;, I, =14G' /5, I, =84G'/5 ;
Beis Piss Gazs ooos €3 4.4
h, =14G" h/15; h, =-G'h/15; 1, =28G"/15; 1, =6G'/ 5;
hy, =7G"h/6;1,=17G" hy, =h, =7G"h/5; I,, =14G"/5; I, =84G"/ 5,
q,, =-14/(hd,,); e,, ==1d,,; e,, =2d,; e, = —7/12;q,, =—66/(hd,,);
ey =—11d,; e;; =22d,,/3; e, =-22/3; d,, =(1-2d,\Vv') /| E';d;, = d,, | d,.

G=E/(2(1+v));d, =E/(1-v*), d ,,=EV'/(E'(1-v)).
Boundary conditions (4.1) are fulfilled exactly.
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4.2. A system of differential equations of equilibrium. The system of
differential equations of equilibrium of the internal SSS with a potential
marginal effect in polar coordinates has the form:

Bristhy + Brsstes + By @y +Brsi @3 +Besi i +Beq s
Bisi) +Busihs +Bss Vi + B, VW, =B, 43
Bisi) +Bisids +Bs VW + (Bt V7 + B ws =B34
(VP=d*/dr’+d/drir),

where ¢ =q(r), V* is the Laplace operator' B with indices — MGP:
2

=B d’s (k=13);(4.5)

Bm :_( leeSI) Buz = Bm = _h 117 (4.6)
2
BIZI :g(d0V+G__d10e31); Bm :__dIOeSS; Bm :_2113;
h hd, ,q 2
B141 :_%dloess; [3151 = hm B]él = ( hl} - 33) Bu] _E dIO;

hG
By = T; Bzzz = Bm; B223 = Bll3; st] = Bm; B242 =B :Bm;

hG
Bass =Bisss Bosi = Blsl; By = (d +1 d\e53); B, :T;
6 6
Biss :_7_}1[33; B341 = (d V+G+ lee33) Bisy :_ﬁhm;
1 1
B :E o453 — h}s’ B.s :Eh 105 Bas =Bssas Basn =Baais

Bis =Bssss Busi :B351; Basi =Bseis Bssi =My Bsey =M

34, 3

1
Bwl =-1 B66l :g(’”ﬁs _3h33); B662 = _¥5 Bw3 = _;'

Functions ¢,(r) and u,(r) are from the system (4.5):
o, (=%, Viw, + Ay Wyt 7»/.3V2w3 +A.9; 4.7)
(1) = O+ A 0+ A WA Wi+ g (F=1,3),
where constants A with subscripts are mechanical and geometrical parameters:
My = BisiBsgr =BsaiBssi ) /A5 Ay = BusiBeer / A
M3 = BssiBesi —BaaiBsa) /A (4.8)
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My = BaaiPur =BssiBus) /A5 Ay = (BygiBssi =BisiPser) /A
Ay =—PisiBess / A
Ay = BraiBser =BisiBoa) / A5 Agy = BisiBrs =BiaiBun) /A5
A =BisiBssi —BraiBasi-
Mgt = BrasPrsi =BsssPrii) 1A, 5 Aigs = BrssBsi =BassPisi) /A,
Mgt = BB /A,
Mys =BissBrsn /Ay Mt = BrsPasi —BsssPis) /A, 5
Mz = BrasBsat —BsasPrs) /A, s
Mg = BsssBur =BissBus) /A5 sy = BrssBriy =BuisBiai) / A,
Mgy = BuissPusi =BrisPua) /Ay s Agyy =BuissBria /A5 Asys = PrisPaz /A
Ayt = BrasPisi =BrisPasi) /A, 5 Ay = BrasBror = BrisBas) /A, 5
Asy = BrisBus =B/ A5 A, =B —Bras -

4.3. Transformed system of differential equations. The system of

equations (4.5) is reduced to a system of two equations with respect to
w,(r) and wy(r): ,
S 1,w()=10,4() (j=13), 4.9)

Ji'i
i=1,3

where 11, are fourth-order differential operators. 1, — second-order

differential operators. In the approximation K13 (N = 3), the differential
operators of equations (4.9) 1, (i,j=13) and II,, have the following form:

I, = 1y, Vi + V7 11, = R ViRVt (4.10)
I, =py Vi+p,, Vi I, = TR TR T
qu = P«lzvz —Hyos H3q = H32vz ~Hszg,

where Wyl 1550515 — MGP:
Mg =By +Bisihas Mg = Bidis + B A (4.11)

Mo =Bristis + B, +Bisshs + B3 As + B
W =B =By +Biairss)s By =Brishis + B33
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ot =B +Bsaihars Mo = Brashiy +Basshay +Bass
Hysg =Buishps +Basihass Hagy = Brsshis +Buisihpy +Basshas +Bisihy +Bagis
Haso = Bisshio +Busshans Hay =By = Brsihia +Bssihaa);
Hyo = Brsshis +Basshss-

4.4. Deterministic system of differential equations. The deterministic
system of differential equations, which describes the internal SSS with a
potential marginal effect, is obtained on the basis of (4.9), (4.10) and has
the form:

Dy Dy D, D, @, (r)=a,, D, q(r), k=13, (4.12)
where
D,=V* D, =V?=5:D,, =V*—5,; i=1,2,..,N—1;

;5800500 — MGP; s, — the roots of the corresponding characteristic
equation (for transversely isotropic plates with small shear stiffness s;) 0);
of functions @, (x,y) are sought.

4.5. Solutions of the transformed system of differential equations
(4.9). Forms of general solutions of system (4.9) are obtained by the
operator method and have the form:

W)= 3 @i =13 N=3), (“.13)

k=1,3

where 11, are the appendages of the determinant of the I7, system
(4.9), @, (x,y) are the new sought functions that are determined
from (4.12).

4.6. Axisymmetric load on the ring. Partial and general solutions of
system (4.12). Let's consider the load of the plate on the annular area.
Consider a plate under the action of a uniformly distributed load g, along a
circular ring with radii 7 and , (5 {(n):

0, (r(n);
q(r)=| q, (1 {r{n); (4.14)
0, (mn).
4.6.1. Partial solutions of the system (4.12). Partial solutions @,, (»)

of the defining differential equations (4.12) p according to (7.2)—(7.4)
[49, p. 245] have this form:
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B, () = =200 (2 (5 5, V(s (55 = 1K (5, ) +
515, SS]Z\/E

(5, = 5¢0) o (5, )R K, (1 5,) rK(rJE))——(r i)+
S2521\/§

1 5,1

20
+4s0, (1} —rﬁ)—i(r;‘ Y+ =), (r(n, k=13);  (4.15)

s
0 2 2 k0 4 4
—1-5,,8,)(r, Inr, —n, 1nr1)+g(r2 Inr,—1" Inz +

@, (r) = —ﬂ( f (5, = 85,00 Ko (s L (5f5) =1L (5 s) +
\/, (s2 $10)Ko (rf5: 151, (ryf5,) = R (55, ) —

——(1+lnr+s,{os12 lnr)(r2 - )+ (2r (r2 - )lnr—i—(r2 -7 )(1+lnr)))

S2s21

(r> r,k=13); (4.16)
[nn
D, (r)=— » (4, (") +B,,(); (4.17)
A1) = (5, = S, Lo (Pf5) K, (r J35,) = 1K, (15, ) +
SSIZ\/:
— (5,5, (rs,)(r K, (7 \J5,) = 15K, (ry[5,)) +
S2S21\/g

1 2 2 o _ l Skl 4 0.2 2 .
+z(”z F)(SkoS1, 1)+2( 4 1=5,08,)(7 Inr, —r Inr);
Bkr(r):slﬂ(r;lnrz—r4lnr—l(r24—r4)+r2(r22—r2))+

(5, = 5,0 ) Ko ("5 L, (7 ) =1L, (5 fs,) +
ss,z\/7
J—(sz 5e) Ko s, 1 (r \J5,) = 11, (1 5,)) -

—%(l+lnr+skoslzlnr)(r -5 )+%(2r (7 =r)Inr+ @' -rH(1+1nr)),

S2S2]

(r(rin),
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where /;, K,is a modified first-order Bessel and Macdonald functions.

The conjugation conditions for ¥ =7 and r =r, are satisfied.

4.6.2. General solutions of system (4.12). The general solutions of the
defining differential equations (4.12) have the following form:

()= Ay +Byr* + Cylnr+ Dy r* Inr+ AL (rfs,) + BK, (rs,) + (4.18)
+ A1, (rfs,) + By (r5,) + @y, (r); @4(r) = B, ().

Without stopping at cumbersome calculations, we will give general
solutions for the SSS components from the uniform loading of the plate
over the annular region.

5. General solutions for SSS components
The general solutions for the SSS components for circular and annular
plates from skew-symmetric loading on the annular region (4.14) are
determined taking into account (4.2)—(4.4), (4.6)—(4.8), (4.11), (4.13)+(4.18).
5.1. General solutions for displacements. Transverse displacements:

3
W(r,z)= Y. BQz/hyw.(r). (5.1
k=13
The components of displacements are determined from the following
dependencies:
for {7 w(r) =

= (Ayllyyo + 4133, (B, + D, ) + Bol'l330r2 +(4Dy sy, + C0u330)lnr+D0u330r2 Inr+
+0L101A11(V\/g) + 04 Ay (r\/g)) +q, (k. 1y (r\/g) +k,,1, (’”\/g) + k1r3’”2 +kio)s
wy(r) = (413, (B, + D)) — 4Dy, Inr + aSOlAll(r\/g) + 0Ly Ay (r\/g))""

+q0(k3r110(r\/g)+k3r2[0(r\/g)+k3r0)’ (5.2)
where
Qi = “33451'2 F Wy5aS;  Hazgs Olyg; = =8, (a8, + 13105 (5.3)

2 .
ki = (a0, (MagS7 + g, + Hagg) = G358, (M348, + y5))s
ks, = ¢ 8030510148, — aiay,; (My 18, + 1)), (0=1,2);
kino = ay (430,50 + g (a4, by + 5By + aygibyy) — 4as 00550y 5
_ 5 (8 = Sko)

. Ao
c1i:”1K1(’”1\/g)_”2K1(’”2\/5)’ (i=12);a =~ s Ay = >
5y Slslz\/g

192
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_SI(S2_Sk0)_ _ Sko 1 1 0N, _ Sio _ 0 _1.
Ay = sz = s A =~ (L4 5,05,)s a5, = > Qi = SkoS12 — L
82851V S2 8 2 16

by=rInr,—r’Inr+(y —1’)/2, b, =r; Inr, -1’ Inr;
b, = r24 Inz, —r14 Iny —(r24 —114)/4, b, = (r22 —;’12)/4;

A, (rs)) = AL (rs) + BK (1s,) Ay (rfs,) = A1, (rs,) + BK, (r\s,);

for r)r,

wi () = (A5 + 445, (B, +Do)+BoP-330r2 + (4D g, + Colizyy) Inr + (5.4)

+D0p.3301”2 Inr+a,,4, (r\/g) + 04y (r\/g)) +
+CI0(m1r1K0(r\/§) + merKO(r\/g) +m, 11”""”"1r3r2 Inr+m,y);
wy(r) = (=41, (B, + D)) = 4Dy s, Inr + OLWAH(V\/E) + 00,4, (r\/g))+

+4, (erIKO(r\/g) +my, K, (’”\/ $y)+my, Inr+my,,),
where
2 .
My, =y (a0, (HyyS7 + WagyS; + M) = 030558 (WyseS; +1y32))5

My, = Cy8,(a3a,5 10148, — @y, (HayS; + 1y1,))s ((=1,2);

My, = a (A3, Cop) + Hi3Cay ) — 40314155603 5
my,.o = _4‘11”3120221’ my,.; = a1H330Coy; 5

my, = a,(4hy3yCo; + Ha30Capy) = 43135 Cops » My, = —4a151,Cn) 5

for n {r(mn
W, () = (AyMazg + 445, (B, + Dy) + Bou330r2 + (4D, 15, + Colhyyp ) Inr+ (5.5)
+Dybyagr N7+ 00,0, Ay (7f5,) + 0y Ay (745, ) +
Gy (o (K ()1, 5+ 1 (55K (s ) +
1105 (1K (5, (rf5,) + 1, (5 K (s, ) +
+a Wy (a0, + a0, )+, Inr+ nmr2 Inr+ nmr2 + n103r4 +1,,));
Wy (1) = (—4itays (By + Dy) = 4Dk I 7+ 0y A (15,) + 0y Aoy (755 ) +
4y (myg (5 K, (151, (5 + 10 (55K (s ) +
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+”302(”2K1(r2\/5)10(’”\/5)+”111(”1\/5)K0(”\/g))+’73r 1n’”‘"”303’”2 +15,0) ,

where
Mo = 8,(a30,,5 (Wy3y S, + W) = @@y, (HaseS; + 1s3) 5

1y = S (@a;, (RS, +Hs,) = a5a,,51,,,5,), (0 =1,2);
1y, = 0 (A Gy + MaggCny ) = 403135y 1y, = —4a1151,Cy5
M, = @ (04153405, + Ay, (G + Cy )+ UyzgCagy) =405 (161 300515 + 5, (€315 + €335 );

My = Qa30Cyyy s My, = G (1013 a5y + W Cagy ) —16a3 1 3,055 13 = Gy la50Cs) 5
Nyyy = —16a15 1,05, 13, = H16a3 1,05, — a, (1615405, + 1y, (G5, +C550))).

The tangential displacements of U, (7,z) are as follows:

U, (r,z)= iﬂ(Zz/h)uk(r). (5.6)

k=13
where u,(r), ¢,(r) are determined according to (4.7), and ¢q(r) —

according to (4.14).
¢, (r) functions have the following form:

for (7
0, (1) = &0 (1) + gy ((5; M ey + Asks, ) + Aok, ) (r\/g) +  (5.7)

(85 ks + Moy o) Doy ) (f53) + (ks + 0k 0))s (k =1,3);
b (r) =
=4B) (A ly30 = Mpallyn) F 4D, (A Ra30 — Aoy ) Inr 4+ (A s = Ay Hapn)) +
(8, gy Gign + AgsOagn ) + Aga sy ) (A (rfs,) + BK (r45,)) +
(85 (hyOign + Mgiagy )+ As O YAy Iy (7[5, )+ B Ky (745,):;

for r)r,
0, (1) = by o (r) + qo ((5; Ay + Aysmy, )+ Ay my, K, (r\/§)+ (5.8)
F8y (M my g + hysmy, )+ Ay ymy, ) ) K (745, +

H Ay 5+ My, g) + (AN my, s + Ay ymy, ) Inr), (k=1,3);
for n {r{mn
0, (1) = 0 (1) + gy (ay, (K, (1[5, (rfs) + 1L (715 Ko () + (5.9)
(1K, (5[5, L (5, + 1L (15 Ky (s, ) + ¢4, €, In7 o+ agor?)
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where
Ay = 160, 7,05 + Ao 7035); Ay =5 (Mg (Mg = @@y, Wazg) + Rs g + Ao 15,5
a¢2 = S2 (}\‘kl (n102 - a1a121u330) + }\‘k3n302) + 7\‘k2n302;
G- €1, 1)
Components #,(r) of radial displacements are determined as follows:

for r{n,

u, (r) :uko(”)+%(’”ukll(r\/g)+”12k]1(”\/g)+2k1r3’”)’ (5.10)

where
Uy (1) = (CylazgOteyy + 4Dy (MazgOtpps + MagaOlopy — Happ Oy N7 +
33001, (2B, + Dy)r + 2Dypy00, F Inr +1,,, (4,1 (r\/g) -BK, (r\/g)) +
o, (A1 (r5,) = BK, (r5,));
L = \/;(aw,.(ocmsi +0U )+ 0, (05,8, +0is))s
Fow =8 (K (08, + 0y )+ (008, +04)))s (= 1,25k =1,3);
for r)r,
u, (r)y=u,,(r)+q,(r,, K, (r\/g) +1,,K, (r\/g) + rmr’l +n,rInr+n,r), (5.11)
where
Ty = —J;i(mlri(aklzsi +ou,,,)+m, (0,8 +0,,)), (=12 k=13);
Pyyp =400, o1, 5+ O 1y, — Ol 1y, oy = 200,11, 55 Fys, = Oy 710, 5 5
for  {(r{mn
U (7) = 4y (1) + Gy (551, K s f5) L (5) = 7L (55K (s, )+ (5.12)
500 (5K (1[5 (5,) =1L, (55K, (rfs,)) +

1 3
Al g rinr ),
where
Ly =8 (8;(0 20, + 055 0Ly, ) + 0L O, + Ol Ol )3
S3ik = NS ((my9; = @01 1330 MOy 128, 0Ly ) F 730, (O 308, + Oy )5

g =400 00, + Oy 1y, + 0y s,
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Py = 32005105 + 0y (7, +21,,) + 200 5,155
g = 20017, 5 By = 400,15

The displacements of U, (,z) are determined according to (5.6) taking
into account (4.14), (5.7)—~(5.12).

5.2. General solutions for stresses in plates. Stresses o©,(r,z) are
determined according to (4.2), (4.3) as follows:

5
c,(r,z)= 23(22/1’!)5”(}"), (5.13)
where =13

s (r)=a,, wy+a,q, (i=13,5); (5.14)
a,, =d,—3e,d,,/70; a,,, =-3e,d,, /70;

Ay, =—3q5d,, / 70; a, = 3d,,(1+e;, /14)/5;

ul,r + aiu3u3,r +a

iw3

a,,, =eyd, /15 a;,; =d, +e;d,, /155
a3 =qsdy /1155 a,, = (1/10+ e, /15)d,;

as,, =—e,d,, [ 42; as,, = —eynd, [ 42; as,,; = —qy,d,, 1 42; as, = _e3qd10 /42.

In (5.13), (5.14) the constants d,e,q with subscripts are determined
directly through the constants of the transversally isotropic material, g (r)
corresponds to (4.14), the displacement components w, (¥) and u, () are
determined by the previous formulas.

Transverse tangential stresses o, (7,z) according to (4.2) are as follows:

c,. (r,z)= 24: PQ2z/hy, (r), (5.15)

i=0,2
where the components of #,;(r) are determined by formulas (4.3):

1, (1) = hywy, + By swy, + gy +1suy, (i =0,2,4), (5.16)
Booy =My, LB Bygy =Ry LB By =Gl [ T—h) hy by, =Q@hy [ T—hy)/ B
Moy =30y 1 T hyyy =303 1 T5 0y =1, 1l Ly =1, 1 B
by =@L1T=0) by Ly =Bl 1 T—15) by Ly =30, 175 by =30, /7,

constants 4, / with double subscripts are determined directly through
mechanical steels of transversely isotropic material.
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Taking into account the expressions for the component movements of
w,(r) and u,(r), we obtain the dependences for #,,(r) (5.16) and further
for ©,,(r,z) according to (5.15).

Stresses o, (7, z) are determined according to (4.2) as follows:

6.(r,z)= 25: P2z /h)s, (r) . (5.17)

i=1,3
The components of s_,(r) are according to (4.3):
5., (r)=psws + 2,0, + &30, + 844> (i=13,5), (5.18)
where
Dz =—3q5,/70; g, =—3e,/70;g,, =—3ey, /7O;g1q = —3(l+3e3q /14)/5;
Py =453 /15, g5 =€, /15, gy = ey, /15, 834 :(0’5+e3q /13)/5;
Dss =G5 1 42; g5 = —e5, /425 g, = —ey; /425 g, =—e;, /1 42.
Taking into account the dependencies for wy, ¢, , ¢, , and g(r) , the
components of s_,(r) are determined according to (5.18), and the stresses

of 6,(r,z) are determined by formulas (5.17).
Stresses ©,(7,z) are determined as follows:

c,(r,z)= ZS: P(2z/ h)s,, (1), (5.19)

i=1,3

where

u u
Se; (1) = by, 7]+bel.2 73+ce“ul' + ooty + by 3wy +by,.q, (i =1,3,5),(5.20)

beu = do _3631d10 /70; b612 = _36330110 /705 Cont = dov_3esld10 /70; Corn = b912;
byis =—3¢q4,d,, /70; belq =-3d, (1+e3q /14)/5;
Doy, = Co3y = €,d,y /15 byyy =dy +e53d, /155 ¢oyy = dyv +e35d,, /155
byss = q33d, 1'15; b63q = d10(1/10+e‘3q /15);
bys, = Co51 = —€3,d,y | 425 bys, = Cy5y = —€33d, / 42;
bysy = =G5y 1 42; b65q = _esqdlo /42.

Taking into account the expressions for u,(r), uy(r), wy(r), q(r)
the components s,,(7) are obtained according to (5.20), and the stresses
G,(7,z) are determined from (5.19).
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On the basis of the dependencies (5.1)—(5.20) obtained above for the
displacement and stress components, it is possible to set and solve in a new
formulation the boundary value problems for circular and annular transtropical
plates of arbitrary constant thickness under the action of axisymmetric
loads uniformly distributed skew-symmetrically over the annular region at
various boundary conditions on the side surface. Solutions of boundary value
problems under the action of loads applied uniformly along the line of a circle
and in a circular area are obtained using the boundary transition.

6. Boundary conditions
6.1. Boundary conditions from the Reissner equation. Boundary
conditions for axisymmetric deformation of round and ring plates in polar
coordinates in the KO-N approximation are obtained from (2.1) and have
the form:

N h N
J‘ {gl 2j+1(s §h)0u ;1 m(t” —z,;)0w;,}ds=0. (6.1)
(s)y J=U, J=

In (6.1) r,,,z,; are the components of the intensity component of the
external axisymmetric load R, (z), Z, (z), which are projections on the axes
of coordinates Or and Oz (radial and transverse directions):

N N-1
R(2)=) P (2z/h)r,;, Z,(2)= Y, P (2z/h)z,,, (r,,, z,, —const).
j=1,2 j=0,1
Components 7, ;,z,; are constant coefficients and are determined by the
intensity of external axisymmetric load R,(z), Z, (z) as follows:
h/2
j R, (2)P,(2z/h)dz, (j=0,1,2,..,N);

~h/2
hi2

j Z,(2)P,(2z/h)dz, (j=0,1,..,N-1).

—h/2

2j+1

K= h
2j+1
Zsj: ']h+

For symmetric deformation relative to the median plane in (6.1), terms
with even indices are taken in the variations of component displacements,
and for obliquely symmetric deformation — with odd ones. In the K13
approximation (obliquely symmetric deformation) in (6.1), terms from
du,, duy, dw,, dw, should be taken.

We will present some boundary conditions later.
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6.2. Some boundary conditions for annular plates.
1) Hard clamping of edges r=b,r=a; b<r<a:
u,(r=b)=0, w(r=>0)=0; u;(r=b)=0; wy(r=0)=0; (6.2)
u(r=a)=0; w(r=a)=0,u,(r=a)=0; wy(r=a)=0.
2) Hinged fastening of both edges ¥ =b, r=a; b<r<a:
w(b)=0; s,(0)=0; w,(b)=0; s5,(b)=0; (6.3)

wi(a)=0; s,.(a)=0; w(a)=0; s5,(a)=0.
3) Hard clamping of edge =54 and hinged fastening of edge
r=a; b<r<a:

u,(r=b)=0, w(r=>0)=0; u,(r=0)=0; wy(r=0)=0; (6.4)
w(a)=0; s, (a)=0; w(a)=0; s,(a)=0,

4) Hard clamping of edge r=a and hinged fastening of edge
r=b; b<r<a:

u(r=a)y=0w(r=a)=0u,(r=a)=0; w,(r=a)=0; (6.5)
w(b)=0; s,(0)=0; w,(b)=0; s,,(b)=0.

5) The outer edge of ¥ =a is rigidly clamped, and the inner edge of
r=>b is subject to known transverse tangential stresses o,. and normal
stresses ©, . Then, taking into account the boundary conditions (6.1), we
obtain the following boundary conditions in the K13 approximation:

Lo(B)=2z51,(b)=2,;5,,(b)=r,;5,;(b)=r;,; (6.6)
u(r=a)=0;w(r=a)=0,u;(r=a)=0, wy(r=a)=0.

6) The outer edge of r=a is tightly clamped, and the inner edge of
r=b is subject to known transverse tangential stresses o, and, in addition,
there are no radial movements of the points of the inner contour of the ring:

t;-() (b) =Zy» t,z (b) =Z,5 U (b) = 0, Uy (b) = 0, (67)
u(r=a)=0; w(r=a)=0,u,(r=a)=0; wy(r=a)=0.

7) The outer edge of r=a is tightly clamped, and the inner edge of
r=>b is free:
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to(b)=0;¢,(1b)=0;s,0b)=0;s,(b)=0; (6.8)
u(r=a)=0; w(r=a)=0,u,(r=a)=0; wy(r=a)=0.

8) The inner edge of r =20 is tightly clamped, and the outer edge of
r=a is free:

u(r=0b)=0, w(r=0)=0; u;(r=0)=0; wy(r =0)=0; (6.9)
t,(a)=0;1,(a)=0;s,(a)=0;s,;(a) =0.
9) The inner edge » =b is rigidly clamped, and the outer edge r =a is
subjected to transverse tangential stresses ©,, and normal stresses o, :
u,(r=0b)=0, w(r=>0)=0; u;(r =0)=0; wy,(r =) =0; (6.10)

Lo(@)=z;t,(a)=z,;s,(a)=r,;s,;(@)=1;.
10) The inner edge » =5 is tightly clamped, and the outer edge » =a
is subject to the known transverse tangential stresses ©,, and, in addition,
there are no radial displacements of the points:

u(r=0b)=0;, w(r=0)=0; u,(r =b)=0; wy,(r =b)=0; (6.11)

to(@=z,5t,(a)=z,;u(a)=0;u,(a)=0.

So, in all cases of boundary conditions (6.2)—(6.11) for the ring plate,
we have eight linear algebraic equations, from which eight constant
integrations are determined: 4,,B,,C,,D,,4,,B,,4,,B, , which are included
in the displacement and stress components.

6.3. Some boundary conditions for circular plates. Definition of
constants integration. From the boundedness of the functions at » =0,
we obtain from (5.2) for w(r) that D,=0. From the expression
(5.2) for w(r) we get C, =0. It follows from the expressions (5.3) for
An(”\/g), Azz(r\/g) that B, =0, B, =0.

Therefore, from the limitation of the components w,(r) and w;(r) at
r — 0, constants of integration C, =0,D, =0,B8, =0,B8, =0 were obtained.
All displacement components and stress components expressed by formulas
(5.13)—(5.18) will also have finite values at ¥ — 0.

We note the following. The components s, () according to (5.20) in
the stresses 6,(7,z) (formula (5.19)) in the first two terms contain 7 in the
denominator. But, taking into account the expressions (5.10) for u,(r) and
u,(r), these terms at » — 0 also take finite values.
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The constants of integration 4,,B,,4,,4, are determined from the four
boundary conditions at the edge of plate ¥ =a.

Let's give the boundary conditions for rigid and hinged fixing of the edge.

For the rigidly clamped edge »=a of a circular plate, the boundary
conditions have the following form:

Wr=az)=0, U(r=a,z)=0,
or:
u(a)=0; w(a)=0; u;(a)=0; wy(a)=0. (6.12)

For hinged fixing of edge r=a:
wr=a)=0; s, (r=a)=d,w (a)+vu (a)/a)=0; (6.13)
wy(r=a)=0; s,(r=a)=d,(u;(a)+vu,(a)/a)+d,m,(a)/15=0.

7. Analytical solution of boundary value problems

We present the analytical solution of some axisymmetric boundary value
problems for circular and annular transtropical plates of arbitrary constant
thickness, which are subjected to skew-symmetric loading in the annular
region. We proceed from the analysis of the formulas of general solutions for
displacements and stresses (5.1)—~(5.19) and boundary conditions (6.2)—6.13).

1). Boundary problem A. A circular plate of radius @ is under the
action of a uniform load ¢,, which is distributed over the ring area with
radii 7,7, (1, ( r; ,<a). Boundary conditions on the side surface can be
static, kinematic or mixed.

In all problems A, the components of displacements and stresses at =0
must be finite. From here we get:

C,=0,D,=0,B =0,B,=0. (7.1)
Task A1l. Hinged fastening of edge r=a:

w,(r=a)=0; s, ,(r=a)=0,j=1,3. (7.2)
Task A2. Hard clamping of edge r=a:

w,(r=a)=0; u,(r=a)=0, j=1,3. (7.3)

Task A3. On the side surface of the plate r =a, the known intensity of
the external load R,, Z, acts in the projections on the axes of coordinates
Or and Oz (radial and transverse directions).

Boundary conditions:
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s, r=a)=r,, (j=13);t,,(r=a)=z,, (j=0,2), (7.4)
where
2j+1"7 S
=== [ R (zr=a)PQz/h)dz; R(zr=a)=) P,Qz/hr;

h —h/2 J=13
212 )

7, = fh [z, cr=a)P@z/ndz; Z,(z.r=a)= ZO:ZPJ.(ZZ/}Z)Z”..
—h/2 J=0,

At the same time, the transverse load on the side surface of the plate
must balance the external transverse load on the front faces.

Task A4. A known external load of intensity R, acts on the side surface
of plate » = a, which is stationary in the transverse direction.

Boundary conditions:

wi(r=a)=0; s, ,(r=a)=r,,, (j=13). (7.5)

Task AS. A known external load of intensity Z, acts on the lateral
surface of plate r = a, stationary in the radial direction, which balances the
external transverse load acting on the front faces.

Boundary conditions:

u(r=a)=0,(j=13); t,,(r=a)=z,,(j=0,2). (7.6)

The constants 4,,B,,4,,4, are found uniquely from the boundary
conditions (7.2). Analytical solutions of these problems — SSS components
are expressed by formulas (5.1), (5.6), (5.13), (5.15), (5.17), (5.19) taking
into account (5.2)—(5.5), (5.7)+(5.12) ), (5.14), (5.16), (5.18), (5.20). In
the formulas for the displacement and stress components, the constants
C,,D,,B,,B, are equal to zero, and the constants 4,,B,,4,,4, are
determined from the boundary conditions (7.2)—(7.6).

2). Boundary problem B. An annular plate with radii b, a (b a) is
under the action of a uniform load ¢, , which is distributed over the annular
area. In this case, we will have eight boundary conditions — four boundary
conditions each (at the inner and outer edges). From them, all eight
unknown constants will be found. In the future, the analytical solutions for
the SSS components of the boundary value problems are determined by the
corresponding formulas of point 5.
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8. Conclusions

A methodology for solving inhomogeneous systems of high-order
differential equations of equilibrium for plates of arbitrary constant
thickness has been developed in a general form, which consists in reducing
them to homogeneous and inhomogeneous differential equations of the
second order.

The general solutions of the deterministic systems of high-order
differential equations are obtained, followed by the determination of the
general solutions of the initial systems of differential equilibrium equations.

Analytically solved axisymmetric boundary value problems for circular
and annular transtropical plates under the action of distributed transverse
loads in the annular region: obtained general solutions for displacements
and stresses; obtained analytical solutions for various boundary conditions.

The resulting solutions can be used to find the SSS of the specified plates
when they are loaded along the circle line and in the area of the circle.

This method: 1) makes it possible to significantly simplify the finding
of partial and general solutions of initial systems of differential equilibrium
equations, especially for loads that are not continuous; 2) significantly
changes the methodology of applying the methods of mathematical physics,
in particular, the methods of integral transformations, which can be applied
not to the initial systems of equations of high orders, but to the obtained
inhomogeneous differential equations of the second order.

There are no fundamental difficulties in deriving general solutions for
other approximations of the variant of the mathematical theory.
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