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представляються у вигляді алгебраїчної суми функцій, що залежать від 

відомих величин:  

{
𝑥3 = 𝛷1(𝑥1, 𝑥2, 𝑦1, 𝑦2) + 𝛿1(𝑡) + 𝜀1
𝑦3 = 𝛷1(𝑥1, 𝑥2, 𝑦1, 𝑦2) + 𝛿2(𝑡) + 𝜀2.

                       (2) 

де 𝛷1(∙), 𝛷2(∙) − невідомі функції, що залежать від відомих величин, а 

𝛿1(𝑡),  𝛿2(𝑡) – динамічне розширення вихідної системи (1), а 𝜀1, 𝜀2 – 

відхилення від цього стану. Вільні функції 𝛷1(∙), 𝛷2(∙), 
𝛿1(𝑡), 𝛿2(𝑡) обираються таким чином, щоб 𝜀1 → 0, 𝜀2 → 0, забезпечуючи 

при цьому алгебраїчну оцінку невідомих. В роботі показано, що 

нелінійний спостерігач, побудований методом інваріантних 

перетворень, забезпечує експоненційне затухання відхилень 𝜀1, 𝜀2.  
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The main task of the scientists in the field of modern information and 

communication systems is to transmit and receive data with maximum 
reliability and validity. Therefore, forward error correction is used to eliminate 
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noise errors [1, 2]. The Indian scientist R. Pyndiah suggested using turbo-
product codes, which work efficiently with small code blocks at very high 
code rates [3, 4]. It should be noted that these codes have a lower decoding 
complexity than convolutional turbo-codes [5, 6]. The aim of this work is to 
analyze the decoding features of the considered codes. 

The basis of the mathematical apparatus of soft decoding methods for 
turbo-product codes is log-likelihood ratio algebra [7]. The decoding method 
based on the augmented list decoding [3, 5] is effective for turbo-decoding. 
The method uses a list of the most probable sequences of errors, which is 
formed on the basis of reliability estimates of received symbols. A hard-
decision decoder is used for each error combination added to the codeword. A 
soft metric is calculated for the decoded sequences. The solution is the most 
probable codeword, that is, the sequence of characters with the best 
(minimum) metric. In work [3], a mathematical apparatus and a corresponding 
decoder were developed, which allows us to evaluate the reliability of each 
binary symbol after Chase decoding [8], as well as to perform an exchange 
iterative process. 

For turbo product block codes, the limits of the decoder's computational 
complexity [Olow, Ohigh], which show the lower and the upper number of 
elementary mathematical operations performed by it over s rows of the code 
table, can be written in the following analytical expressions: 

t

low sO n s t O s n t t n O( , , , ) (18 1 2 (2 3 ))
−

=  − − +  + + ,                  (1) 
t

high sO n s t O s n t t n O( , , , ) (17 1 2 (2 4 ))
−

=  − − +  + + ,                 (2) 

where n – the number of binary symbols in the row; t – the number of 
unreliable symbols in the Chase algorithm; O – the number of elementary 
mathematical operations for hard-decision decoding of the composite 
component code. 

To decode the columns in these formulas, s and n are interchanged. The 
total number of elementary mathematical operations performed by the decoder 
in N cycles (1 cycle = 2 iterations) will be 

low n low s high n high sO n s t O N O O N O O( , , , ) [ ( ), ( )]
− − − −

=  +  + .             (3) 

The paper considers the list decoder of block turbo-product codes and 
provides analytical expressions, that allow us performing a comparative 
analysis of the decoding complexity. 
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Під час вивчення здобувачами освіти навчального матеріалу з 

природничо-математичних дисциплін виникає потреба в опрацюванні 

значної кількості математичних моделей, які в свою чергу є запорукою 




